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We study the electromagnetic Dalitz decays, ψ → ηcl
+l− and Υ → ηbl
+l− (l = e or µ), in
which the lepton pair comes from the virtual photon emitted by the M1 transition from cc¯ (bb¯) spin
triplet state to the spin singlet state. We estimate the partial width of ψ(Υ) → ηc(ηb)l
+l−, based
on the simple pole approximation. Besides, based on different QCD models, the partial width of
ψ(Υ)→ ηc(ηb)γ is determined.
PACS numbers: 13.20.Gd, 13.40.Hq, 12.38.Aw
I. INTRODUCTION
The electromagnetic (EM) Dalitz decays, V → Pl+l−,
where V and P are vectors and pseudoscalar mesons, and
l denotes lepton (e, µ), provide an ideal opportunity to
probe the structure of hadronic states and to investigate
the fundamental mechanisms of the interactions between
photons and hadrons [1, 2]. The lepton pair l+l− comes
from an off-shell photon, radiated from the transition be-
tween V and P . Assuming pointlike particles, the pro-
cess can be exactly described by QED [3]. Otherwise,
the structure-dependent partial width can be modified
by transition form factor fVP(q
2), which can be estimat-
ed based on QCD models [4–8] and provides information
of the EM structure arising from the V -P transition. The
M1 transition between ψ(Υ) and ηc(ηb) is widely studied
in theory [9–20], and the M1 transition between ψ and ηc
has been observed with the average branching fraction,
B(J/ψ → γηc(1S)) = (1.7± 0.4)% [21]. In the following
ratio of branching fractions:
R ≡ B(ψ → e
+e−ηc)
B(ψ → γηc) , (1)
many theoretical uncertainties can cancel; therefore, it
can be used to test theoretical models. Experimentally,
the EM Dalitz decays of light unflavored vector mesons
(ρ0, ω, φ) have been widely observed [21] and several de-
cays of charmonium vector mesons (J/ψ, ψ′) to light
pseudoscalar mesons, which are studied in Ref. [22], have
been observed recently by BESIII experiment [21, 23, 24].
In Table I, we summarize the experimental results of
the EM decays for the light unflavored vector mesons
(ρ0, ω, φ) and charmonium vector mesons (J/ψ, ψ′). The
results indicate that the ratios of the EM Dalitz decay
to the corresponding radiative decays are suppressed by
2 orders of magnitude.
∗ gulm@ihep.ac.cn
† lihb@ihep.ac.cn
‡ maxx@ihep.ac.cn
§ yangmz@nankai.edu.cn
However, in previous paper [22], which focus on the
EM Dalitz decays of J/ψ, it is assumed that the ψ(Υ)
is totally unpolarized. In this paper, we investigate the
polarization of ψ(Υ) produced in e+e− collisions, then
deduce the general form of the decay width, as a func-
tion of polarization vector of ψ(Υ), at last apply it to
the ψ(Υ) → l+l−ηc(ηb) decay to predict its branching
fraction.
TABLE I. The branching fractions of EM Dalitz decays
V → P l+l− and ratios of the EM Dalitz decays to the corre-
sponding radiative decays of the vector mesons. These data
are from PDG2018 [21].
Decay mode Branching fraction Γ(V→Pl
+l−)
Γ(V→Pγ)
ρ0 → pi0e+e− < 1.2× 10−5 < 2.6× 10−2
ω → pi0e+e− (7.7± 0.6) × 10−4 (0.91± 0.08) × 10−2
ω → pi0µ+µ− (1.34 ± 0.18) × 10−4 (0.16± 0.02) × 10−2
φ→ pi0e+e− (1.33+0.07−0.10)× 10
−5 (1.02+0.07−0.09)× 10
−2
φ→ ηe+e− (1.08 ± 0.04) × 10−4 (0.83± 0.03) × 10−2
φ→ ηµ+µ− < 9.4× 10−6 < 0.07× 10−2
J/ψ → pi0e+e− (7.6± 1.4) × 10−7 (2.18+0.45−0.44)× 10
−2
J/ψ → ηe+e− (1.16 ± 0.09) × 10−5 (1.05± 0.09) × 10−2
J/ψ → η′e+e− (5.81 ± 0.35) × 10−5 (1.13± 0.08) × 10−2
ψ′ → η′e+e− (1.90 ± 0.27) × 10−6 (1.53± 0.22) × 10−2
II. GENERAL FORMULA FOR THE EM
DALITZ DECAY V → Pl+l−
The amplitude of the EM Dalitz decay, V → Pl+l−,
has been obtained in the literature previously, which can
be written in a Lorentz-invariant form [1, 2, 22]
T (V → Pl+l−) = 4παfVP ǫµνρσpµqνǫρ 1
q2
u¯1γσν2, (2)
where α is the fine-structure constant, fVP the transition
form factor, ǫµνρσ the Levi-Civita tensor, pµ the momen-
tum of the pseudoscalar meson, and qν = k1 + k2 with
k1 and k2 the momenta of the l
+ and l−. After summing
2over the spin of leptons, the amplitude squared is
|T (V → Pl+l−)|2 = 16π2α2 |fVP (q
2)|2
q4
· h, (3)
where
h = 8m2Vm
2
l (q
2ǫ · ǫ∗ − q · ǫq · ǫ∗)
− 2m2V q4(k1 − k2) · ǫ(k1 − k2) · ǫ∗
+ 8m2l q · p[q · ǫp.ǫ∗ − ǫ · ǫ∗q · p]
+ 2m2l (k1 − k2) · p
× [ǫ · ǫ∗(k1 − k2) · p+ (k1 − k2) · ǫ(p · ǫ∗)]
+ 8[(k2 · p)(k1 · ǫ)− (k1 · p)(k2 · ǫ)]
× [(k2 · p)(k1 · ǫ∗)− (k1 · p)(k2 · ǫ∗)],
(4)
where mV and ml are masses of vector and pseudoscalar
mesons. The differential decay width of V → Pl+l− is
obtained as
dΓ(V → Pl+l−) = 1
(2π)5
1
16m2V
|T (ψ(Υ)→ Pl+l−)|2
× |k∗||p3|dml+l−dΩ3dΩ∗1,
(5)
where |k∗| is the momentum of l+ or l− in the rest frame
of l+l− system, |p3| momentum of the pseudoscalar
meson P in the rest frame of V , dΩ3 = dφ3d(cos θ3)
is the solid angle of P in the rest frame of V , and
dΩ∗1 = dφ
∗
1d(cos θ
∗
1) the solid angle of l
+ or l− in the
rest frame of l+l− system (the z direction is defined as
the momentum direction of l+l− system in the rest frame
of V ).
A. Differential partial widths for polarized ψ/Υ
EM Dalitz decays
There are totally three polarization states for the mas-
sive vector mesons, which are defined as
ǫµLP = (0, 0, 0, 1)
ǫµTL =
1√
2
(0, 1,−i, 0)
ǫµTR =
1√
2
(0, 1, i, 0)
(6)
where ǫµLP, ǫ
µ
TL and ǫ
µ
TR are the longitudinal polariza-
tion, the left-hand transverse polarization and the right-
hand transverse polarization component, respectively.
Correspondingly, it is generally known that the angular
distribution for each component that has the following
form
dΓ(ψ(Υ)→ Pl+l−)LP
d cos θ
∼ 1− cos2 θ
dΓ(ψ(Υ)→ Pl+l−)TL
d cos θ
∼ 1 + cos
2 θ
2
dΓ(ψ(Υ)→ Pl+l−)TR
d cos θ
∼ 1 + cos
2 θ
2
,
(7)
where θ = θ3 is the polar angle of the pseudoscalar P
in the rest frame of ψ(Υ). Therefore, one can determine
the polarization of ψ(Υ) by a likelihood fit to the cos θ
distribution
L(cos θ) = 1 + αpolar cos2 θ, (8)
where nonzero αpolar means partial polarization of ψ(Υ),
αpolar = +1 means only transverse polarization of ψ(Υ),
and αpolar = −1 means only longitudinal polarization of
ψ(Υ), respectively. We show the angular distributions of
ψ(Υ) → Pl+l− with different αpolar values in Fig. 1. In
ψ(Υ) → Pl+l−, an explicit value of αpolar from experi-
ment indicates the polarization information of ψ(Υ).
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FIG. 1. The angular distributions of ψ(Υ) → P l+l− with
different αpolar values, where the black dot-dashed line refers
to αpolar = 0 (nonpolarization); the red solid curve refers
to αpolar = 1 (transverse polarization); and the blue dotted
curve refers to αpolar = −1 (longitudinal polarization).
B. Polarization of ψ(Υ) in e+e− → ψ(Υ)
In this section we study the production rate for each
polarization state of the vector mesons ψ or Υ in electron-
positron colliders. In electron-positron collisions, such as
BESIII and Belle II experiments, the amplitude squared
of e+e− → ψ or Υ can be written as
|T (ψ)|2 = 16π
2α2e2c
q4
|fψ|2m2ψǫ∗µǫν
× (kµ1 kν2 + kµ2 kν1 − gµνk1 · k2 + gµνm2e),
(9)
where ec is the electrical charge of the charm quark, fψ
the form factor of cc¯→ ψ, ǫµ the polarization four vector
of ψ, mψ andme the masses of ψ and electron, q = k1+k2
with k1 and k2 the momenta of e
+ and e−, respective-
ly. Then, the relative probabilities for three polarization
states can be obtained
|T (ψ)|2LP : |T (ψ)|2TL : |T (ψ)|2TR = m2e : m2ψ : m2ψ
≈ 2.7× 10−8 : 1 : 1.
(10)
The above result shows that the longitudinal polarization
can be neglected and ψ is totally polarized in transverse
state in unpolarized e+e− collider, which is consistent
with the conclusion in Ref. [25]. It is easy and intuitive
to extend the conclusion to Υ case.
3C. Decay rate of ψ(Υ) in ψ(Υ)→ ηc(ηb)l
+l−
To remove most part of the uncertainty caused by the
form factor fVP (q
2), one can consider the ratio of the
decay widths of ψ(Υ) → Pl+l− and ψ(Υ) → Pγ. The
q2-dependent differential decay width of ψ(Υ) → Pl+l−
normalized to the width of the corresponding radiative
decay ψ(Υ) → Pγ has been given in Ref. [22]; here for
clearness we quote it in the following:
dΓ(ψ(Υ)→ Pl+l−)
dq2Γ(ψ(Υ)→ Pγ) = |FVP (q
2)|2 × [QED(q2)], (11)
where the normalized transition form factor for the
ψ(Υ) → P transition is defined as FVP (q2) ≡
fVP (q
2)/fVP (0), and QED(q
2) represents the QED cal-
culations for point like particles,
QED(q2) =
α
3π
1
q2
(
1− 4m
2
l
q2
) 1
2
(
1 +
2m2l
q2
)
×
[(
1 +
q2
m2V −m2P
)2
− 4m
2
V q
2
(m2V −m2P )2
] 3
2
.
(12)
In experiment, by comparing the measured spectrum of
the lepton pair in the EM Dalitz decay with the the QED
calculation for pointlike particle, one can determine the
transition form factor in the timelike region of the mo-
mentum transfer [2]. Namely, the transition form factor
can modify the lepton spectrum as compared with that
obtained for pointlike particles.
To estimate the partial width of the ψ(Υ) EM Dalitz
decay, the vector dominance model (VDM) is adopted, in
which the hadronic EM current is proportional to vector
meson fields [26, 27]. Hence, the transition form factor
can be parametrized in the simple pole approximation
FVP (q
2) =
1
1− q2Λ2
, (13)
where the pole mass Λ should be the mass of the vector
resonance near the energy scale of the decaying particle
according to the VDM model. In ψ → ηcl+l− decays, the
pole mass for J/ψ and ψ′ could be the mass of ψ′ and
ψ(3770), respectively. Similarly, in Υ → ηbl+l− decays,
the pole mass for Υ(2S) (Υ(3S)) decay could be the mass
of Υ(3S) (Υ(4S)).
By assuming the simple pole approximation, in which
we take Λ = mψ′ ,mψ(3770),mΥ(3S),mΥ(4S) for J/ψ, ψ
′,
Υ(2S) and Υ(3S) EM Dalitz decays, respectively; the
partial decay widths of ψ(Υ) → ηc(ηb)l+l− are estimat-
ed and presented in Table II. It is shown that the decay
rates for ψ(Υ)→ ηc(ηb)l+l− when l+l− being µ+µ− are
approximately one-order smaller then the relevant case
when the lepton pair is e+e−, which is due to the suppres-
sion of the phase space and the fast decrease of partial
decay rate as the q2 raises shown in Fig. 2.
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FIG. 2. The differential decay rates for ψ′ → ηcl
+l−, where
the red solid curve is for ψ′ → µ+µ−, the blue dashed curve
for ψ′ → ηce
+e−.
TABLE II. The estimated partial decay widths of ψ → ηcl
+l−
and Υ → ηbl
+l− based on Eq. (11) by assuming the simple
pole approximation according to VDM model. Here we take
Λ = mψ′ ,mψ(3770),mΥ(3S) and mΥ(4S) for J/ψ, ψ
′,Υ(2S) and
Υ(3S) EM Dalitz decays, respectively. The uncertainties are
from the errors on measured Γ(ψ → ηcγ) and Γ(Υ→ ηbγ).
Decay mode ΓVDMe+e− (keV) Γ
VDM
µ+µ− (keV)
J/ψ → ηcl
+l− (9.6± 2.3) × 10−3 -
ψ′ → ηcl
+l− (8.9± 1.3) × 10−3 (8.2± 1.2) × 10−4
Υ(2S)→ ηbl
+l− (10.8± 4.2) × 10−5 (8.2± 3.2) × 10−6
Υ(3S)→ ηbl
+l− (9.7± 1.6) × 10−5 (12.6 ± 2.1) × 10−6
To study the dependence of the decay rates on the val-
ue of the pole mass, we varied the pole mass. The numer-
ical result shows both the differential and the total decay
rates are not sensitive to the value of the pole mass. The
reason can be well understood. The dominant contribu-
tion to the decay rate comes from the region of the small
value of q2 for the sake of phase space suppression in the
region of large q2 . For the precesses considered in this
work, the pole masses are larger then the maximum val-
ue of q2; therefore, q2/Λ2 is small, thus this term cannot
give large effect. Since the decay rates are not sensitive to
the pole mass in the transition form factor, the estimated
partial decay widths in Table II based on the VDM are
reliable.
III. DISCUSSION
A. Model predictions of ψ(Υ)→ ηc(ηb)γ
The EM Dalitz decays, ψ(Υ) → ηc(ηb)l+l−, are re-
lated to the radiative decays, ψ(Υ) → ηc(ηb)γ, by the
transition form factor fVP (q
2) and fVP (0). Models de-
scribing ψ(Υ) → ηc(ηb)γ can provide information for
fVP (q
2). In Ref. [28], using the theories of NRQCD and
pNRQCD, one studied the M1 transitions between two
4heavy quarkonia and obtained
Γ(ψ(Υ)→ ηc(ηb)γ) =
16e2Q
3
α(m2ψ(Υ) −m2ηc(ηb))3
8m3ψ(Υ)
w(αs),
(14)
where eQ is the electrical charge of the heavy quark
(ec = 2/3, eb = −1/3), and w(αs) the function of the
strong coupling constant αs. The predicted result for
J/ψ → ηcγ is consistent with data [28]. However, the
predicted results for ψ′ → ηcγ and Υ(2S) → ηbγ are
larger than data by 2 and 1 order of magnitude, respec-
tively. For Υ(3S) → ηbγ, the prediction of the branch-
ing ratio in the relativistic quark model is Br(Υ(3S) →
ηbγ) = 4.0 × 10−4 in Ref. [13], which is approximately
consistent with experimental measurement Br(Υ(3S)→
ηbγ)EXP = (5.1 ± 0.7) × 10−4 [21]. The prediction
from the light-front quark model depends on the model-
parameters which can be (1.0 ∼ 2.5)×10−4 [17]. This can
also be consistent with experimental data after taking in-
to account both experimental and theoretical errors. For
J/ψ → ηcγ, the w(αs) has the following form [28]
w(αs) = 1 + CF
αs(mJ/ψ/2)
π
− 2
3
(
CFαs(pJ/ψ)
)2
, (15)
where CF = 4/3 is the color coefficient, αs(mJ/ψ/2)
and αs(pJ/ψ) represent the values of αs in corresponding
energy scale, respectively. Typically, αs(pJ/ψ) satisfies
pJ/ψ ≈ mcCFαs(pJ/ψ)/2 ≈ 0.8 GeV [28]. To study the
dependence of Γ(J/ψ → ηcγ) on the value of αs(mJ/ψ/2)
and αs(pJ/ψ) , we varied the αs(mJ/ψ/2) and αs(pJ/ψ).
The results are shown in Fig. 3. In this way, a precision
measurement of the partial width of J/ψ → ηcγ can be
used to test QCD model and provide stringent restriction
on αs in charm energy scale.
0.8
1.2
1.6
2.
2.2
2.5
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
αs(mJ/ψ/2)
α
s
(p
)
FIG. 3. The contour line of Γ(J/ψ → ηcγ) with αs(mJ/ψ/2)
and αs(pJ/ψ) from Eqs. (14) and (15). The green shadow
represents the result in experiment, Γ(J/ψ → ηcγ)EXP =
(1.6± 0.4).
B. Discussion on the absolute measurement of the
partial widths of ψ(Υ) → ηc(ηb)l
+l−
With the explicit form factor fVP (q
2), one can obtain
the partial decay widths of ψ(Υ)→ ηc(ηb)γ where q2 = 0.
Hence, it is important to measure the q2-dependent form
factor fVP (q
2) , since it can be used to determine the the
partial decay widths of ψ(Υ)→ ηc(ηb)γ at q2 = 0.
Actually, for the ψ(Υ) → ηc(ηb)l+l− decay in e+e−
collisions at BESIII [29], Belle [30], and BaBar[31] ex-
periments, several hundred million ψ (Υ) are collected.
The lepton usually could be clearly distinguished from
pion, kaon, and proton, so one need only to reconstruct
the lepton pair and then look at the recoiling mass of the
lepton pair to obtain the signal. In this way, the results
are irrelevant to the decay modes of ηc(ηb). Hundreds
of million of Υ(2S) and Υ(3S) events are collected by
Belle and BABAR detector; we estimate that about 30
signal events could be observed for ηbe
+e− mode with
typical signal efficiency 4%. Since there are more than
10 billion and 800 million J/ψ and ψ′ events collected
by BESIII detector up to date, we expect 105 and 103
signal events from J/ψ and ψ′, respectively, could be ob-
served by BESIII with typical signal efficiency 10%. So
it is possible to measure the branching fraction precisely
and probe the transition form factor.
IV. SUMMARY
In summary, the EM Dalitz decays, ψ(Υ) →
ηc(ηb)l
+l−, are studied in this work. We investigate the
effect of polarization of ψ(Υ) and estimate the partial de-
cay widths of ψ(Υ) → ηc(ηb)l+l−(l = e, µ) by assuming
the simple pole approximation. We obtain the polar-
ization components for the vector mesons ψ and/or Υ
produced in e+e− colliders. We find the transverse po-
larization states for ψ and/or Υ dominate in unpolarized
e+e− colliders. We obtain the angular distribution of
ψ(Υ) → ηc(ηb)l+l− decays for each polarization state of
ψ and/or Υ, which is helpful to determine the polariza-
tion of ψ(Υ) in the EM Dalitz decays ψ(Υ)→ ηc(ηb)l+l−
in experiment. The decay widths of ψ(Υ) → ηc(ηb)l+l−
are also obtained. Besides, we discuss a QCD model
where Γ(J/ψ → ηcγ) is related to αs and suggest that
absolute partial decay widths of EM Dalitz decays should
be measured with reconstruction of only lepton pairs by
taking advantage of the e+e− collision with known initial
four momentum of the electron and positron beams.
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